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ﬂstract

In this paper we introduce convolution theorem for the Fourier transform (FT) of
two complex functions. We show that the correlation theorem for the FT can be
derived using properties of vulutiun. We develop this idea to derive the
correlation theorem for the quaternion Fourier transform (QFT) of the two
quaternion functions.

Keywords: Fourier transform, quaternion Fourier transform, quaternion
convolution, quaternion correlation

I. Introduction

The Fourier transform (FT) plays angimportant part in the theory of many
branches of science and engineering. the field of applied mathematics the
Fourier transform has developed into anggnportant tool. It is a powerful method
for solving partial differential equations. In computer vision, images in the spatial
domain can be transformed into the frequency domain by the Fourier transform. It




2102 Mawardi Bahri et al.

is a very useful technique in image processing, because some operations and
measurements ca done better in the frequency domain than in the spatial
domain [4]. The most fundamental and important properties of the FT are
convolution correlation. They are mathematical operations which have been
widely used mn the theory of linear time-invariant (LTI) systems.

g a generalization ofgghe FT, the quaternion Fourier transform (QFT), is first
proposed by Ell [2]. Later, some constructive works related to QFT and its
application in color image processing gje presented in [1,3,9]. Recently, some
author (see, for example, [5, 6, 7, 12]) have extensively studied the QFT and its
properties gom a mathematical point of view. They found that most of the
properties of this extended transform are generalizations of the corresponding
properties of the FT with some modifications.

The purpose of this paper is to show the relationships between the convolution
and correlation for the FT and the QFT. We first derive correlation theorem for
the FT by applying the properties of the convolution theorem of two complex
functions. Similar to the FT case, this approach be developed to obtain the
correlation theorem for QFT of the two quaternion functions.

2. Preliminaries

In this section we briefly review some basic ideas on quaternions. For a more
complete discussion we refer the readers to [1].

2.1 Quaternion algebra
The first concept of quatemions, which is a tyBof hypercomplex number, was
formally introduced by Hamilton in 1843 and is denoted by M. It is an associative
non-commutative four dimensional algebra

H={q=qo+iq:+jg: +kq:},  40,91,92,q3 € R. ()
The orthogonal imaginary units §, j,and k should follow the multiplication
rules:

i2 =j2=k?=-1, ij = —ji, ik = —ki, jk = —kj,and ijk = —1.
We may express a quaternion g as a scalar part denoted by Sc(fl®= g, and a
pure quaternion ¢ denoted by Vec(q) = iqy; + jq, + kq; = q. The conjugate of a
quaternion g is obtained by changing the signs of the pure quaternion, that is,
q = qo —iq1 —jq2 — kq3,
It is a linear anti-involution, that is, for every p,q € H we have
pF=p. P¥q=p+4q pq=qp )
It is not difficult to see that from equation (1) and the third term of equation (2)
we obtain the norm of a quatemion q as
9l =Vaq =ao* +4.* +45* + 45>,

We further get the inverse
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This fact shows that H is a normed division algebra. Any quaternion ¢ can be
written as
. d& |qlet®,
s . .
whcrcﬁ = arctan%. 0<0<m is the eigen angle (phase). When |q| =

1, g is a unit quaternion. Euler’'s and De Moivre’s formulas still hold in
quaternion space, i.e., for a puf@hnit quaternion u the following holds:
et = cos(8) + psin(8)
eHm% = (cos(0) + pusin(0))" = cos(nb) + psin(nh).
1

2.2 Basic Properties of Fourier Transform
a this section we briefly review the definition of the Fourier transform (FT) and
1ts basic properties.

Definition 2.1 (Fourier Transform) Let f be in L?(R). Then Fourier transform
of complex function f is defined by

F{f}w) = f(w) = 7 fOx)e ™" dx. 3)
Since e'®* = cos wx + isin wx, the above equation can be written in the
following form

F{fHw) =" fG) coswxdx +i [ f(x)sinwxdx.

4
In the following we collect some basic properties of the FT, which will be used in
the next section.
a. Linearity
If two complex functions f,g € L*(R) and & p are any two complex
constants, then

Flaof + pg}(w) = aF {fHw) + BF {g}(w). “4)

b. Translation
If the function g € L*(R) and translation of g is defined by t,g(x) =
g(x —a), then
F {1,9}(@) = e~ %F {f}(w). 5)

Suppose that f € L*(R) and wy € R.. If the modulation of the function f is
defined by M, f(x) = el @oX f(x), then

F Mo, f} (@) = F {f} (@ — wo). ©)

c. Time-frequency Shift
The composition of the translation and modulation is called time-frequency
shift, ie.,

F {Mmgf}(‘”) = F{fHw — ay).
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d. Scaling
Let f € L*(R) and a € R,a # 0. If the dilation operator is denoted by

D, f(x) = f(ax), then
F (DY) = =F {f}(%) %)

Theorem 2 (Inversion Formula) Suppose that f € L*(R) and F{f} € L*(R),
the inverse transform of the function fis given by

FUFUNE) = f0) = - [ f(@)e“do. )

3. Convolution and Correlation for Fourier Transform

gwo closely-related operations that are very important for signal processing
applications are the convolution and correlation theorems. We first define the
convolution of two complex functions and its relationship in the FT domain.

Definition 3.1 (Convolution) Ler f, g € L2(R). The convolution of two complex
Junctions fand g is denoted by f + g and is defined by

(f =)0 = [~ f(OHglx —t)dt ©)

Theorem 3.2 Suppose that f,g € L*(R). Then the FT of convolution of the
functions is given by

FIf * gHw) = F{f Ho)F{g}(w). (10

Theorem 3.3 Let f,g € L*(R). Then Fourier transform of Tof * g and f * .9
is the same and is given by

Fltaf * g} (@) = F{f 1,9} (w) = e “*F{fHw)F{g}(w).

Theorem 3.4 For every f,g € L*(R), we have
F{f * My,9}(@) = F{f}(@)F{g} (@ - wp),
and
F{M,, f * g}(w) = F{fHw — wo)F{gHw). (11)
Definition 3.5 (Correlation) Let f,g € L*(R), the correlation of two complex
functions f and g is defined by the integral

(fog)x)=["_ flx+y)g(dy. (12)

Theorem 3.6 If f,g € L%2(R), the FT of correlation of the two functions defined
in(12) is given by
Fif e g} w) = F{fHw) F{g}w) (13)

Proof. From the definition of the FT (1) we easily obtain
Flf o g}w) = [2(f e g)e™ " dx
= [ L (e +y)g()dy e”“Fdx.
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Changing variable x + y = v in the above expression, we immediately get
F{f o ghw) =J_,, 7, f)g)e~ @ dydv
= [ f@e |7 gBe™ dydv
=[O _fwe “Ydv [*_ g(n)e“rdy.
Observe that

I5 g erdy = [*_g(y)e “Ydy = F{g}(w).

It means that the above expression reduces to

F{f o g}@) = F{f}w) Fg)@.

This proves the proof of theorem.

The alternative proof of Theorem 3. 6 is given as follows. Applying the definition
of the FT correlation and then taking y = —u we immediately obtain

(fog)) = [, flx+y)gG)dy
= [ flr—wg(—uw) du.
Setting g(—u) = h(u) and applying the FT convolution theorem, above yields
(fe @) =" flx—wh(u) du

=(f*hx)

=F [f{f}(w)?{h}(w)] (x)

=% f_ FN@F e do,
We remember that

Flh}() = [, gwy e du = [, g(~w)e™ = F{g}(w).

It means that we have

(f ©9) () = F~* [F{f}(@)F{g}(@)] Cx).

We next investigate some properties of the relationship between the correlation
and the FT. We first establish the relationship between the conjugation of the

correlation and its FT.

As desired.

Theorem 3.7 (Conjugation Correlation) Let f,g € Ll2(R). The FT of
correlation of the functions is given by

] F{f ° 9}(@) = F{f}(-w) Flg}(-w). (14)
roof. Applying the definition of the FT gives

F{foglw) = [ (F e g)e ™ dx
=" 7 FG+)9y) dy e “dx

= [ I TG+ )90) e dydx.
Performing the change of variable x +y = v yields
Flfogh@) =" [7 fW)g(e = dydv

=7 7 fg(e el dydv
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= [ f@e™dv 7, g)e' dy
=J‘ f(v)e““”dvf gye'“rdy
= F{f}(~w) F{g} (~w).

Theorem 3.8 Let f,g € L*(R). Then we get
Fltaf © g} w) = e F{fHw)F{g}(w),

and

F{f o1,9}w) = e F{f }F{gHw). (15)

Proof. For the first term of (15) we apply equation (5) and Theorem 3.6 to get
Fitaf e g} w) = F{r.f}w) F{g}w)
= e F{f}(w)F{g}(w).

Theorem 3.9 For every f, m L?(IR), we have
F{M,, fo g}(w) = F{f (0 — wo)F{g}(w),
and

F{f o My, g}(w) = F{fH(w) F {g}(w — wo). (16)

Proof. For the first term of (16), an application of Theorem 3.6 and equation (6)
we easily obtain
F{Mo, f 0 g}(@) = F{M, f}(@) F{g} @)
= F{fHw — wo)F{g}(w),

which was to be proved.

4. Convolution and Correlation for guaternion Fourier
Transform

In this section we give a definition of the quatemion Fourier transform (QFT)

we then establish the correlation theorem fort the QFT via the properties of the
convolution theorem of two quaternion functions.

Definition 4.1 (QFT) Let f be in 12(R?; H). Then Quaternion Fourier transform
of the function fis given by

F@ = | 1 | Zf(x)e"“""’ dx,

where (1 is any pure unit quaternion such that p?> =1, w,x € R? and
W X = X + Wy X5,
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Theorem 4.2 (Bfferse QFT) Suppose that f be in L>(R* H) and Fy{f} €
L*(R?; H). Then inverse transform of the QFT is given by

L
fx) = @J‘_m J‘_m?qif}(w)e”“’* dw.

ERfinition 4.3 (Quaternion Convolution) Let f, g € L*(R%; H). The convolution
of two quaternion functions f and g is denoted by f =4 g and isgiven by

(frq9)@ =" [" f(glx- bt (17)

Based on the definition of the quaternion convolution we obtain the definition of
quaternion correlation as follows.

Definition 4.4 (Quaternion Correlation) Let f,g € L*(R%;H) be two
quaternion functions. The correlation of f and g is defined by

(foq9)@ =["_ " fx+y)gdy. (18)

?&: have the following result (compare to [9]).
Theorem 4.4 Suppose that f, g € L? (R%; H). Then the QFT of convolution of the
functions is given by
Folf *q 9}(@) = Fo{g} @) F, {fo ) (@) + i Fy{g} (@) F, {fi}(w)
+j FolgH @) Flfo ) + k Fi{gHw)Fpifs}Hw).

In order to study the relationship between the quaternion convolution and
quaternion correlation we derive the following result by using Theorem 4.4.

Theorem 4.5 Suppose that f, g € L?(R?*;H). Then the QFT of correlation of the
functions is given by
?q{f °q 9}(‘”) = ?q{gn}(_"’) - ?q{g}(_w)?q{ﬁl}("’)
+iF {90} (~w) Fi{g} (- w) F{f1} (@)
+j?q{90}(_"’) - ?q{g}(_w)?q{fz }(‘5")
+kFa{g0} (@) F{g}(—w) Folfi} (w).

Proof. Proceeding as in the alternative proof of Theorem 3. 2 we immediately get

(feqa)® = [ 01" fx+y)g®)dy
=" 7 flx—wg(—w) du
=" I, f(x —wh(u)du
=(f*4h)(x)
= FF (h}(@)F, {fo} (@) + i Fy {h} (@) F, {1} (@)
+ F (b} (@) F {2} (@) + k Fy{hH @) Fy{ 2} )] ().

On the other hand, by simple computation we get
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Fath(@) = [, [, 9w e du
=f f (go(—w) — g(—w)) e " "du

=Tq{90}(_‘”)_ Fq{g}(_w)- (19)
E
where g(—u) = ig,(—u) — jg,(—u) — kg; (—u). Substituting this fact into the
right-hand side of (19) we finally obtain

(f g 9) (%) = Fi [Flgo}(—w) — Fi{g}(—a)F,{fo}(w)
+iF,{go}(—w) F{g}(—w) F,{fi} (@)
+jF,{go} (o) — F{g} (o) F,{f; H ()
+kF,{go}(—@)F,{g}(—w) Fy{fi} ()] (2).

This is the desired result.

Acknowledgments

This work i1s partially supported by Hibah Penelitian Kompetisi Intemmal tahun
2013 (No. 110/UN4-42/LK.26/SP-UH/2013) from the Hasanuddin University,
Indonesia.

References

[1] T. Biilow, Hypercomplex Spectral Signal Representation for the Processing
and Analysis of Image, Ph.D. thesis, University of Kiel, Germany, 1999.

[2] T. A. Ell, Quaternion-Fourier transforms for analysis of two-dimensional
linear time-invariant partial differential system, Proceeding of the 32
Conference on Decision and Control, pp. 1830-1841, 1993.

[3] T. A. Ell and S. J. Sangwine, Hypercomplex Fourier transform of color
images, IEEE Trans. Signal Process., 16 (1) (2007), 22-35.

[4] R. Bracewell, The Fourier Transform and its Applications, McGraw-Hill,
New York, 2000.

[5] E. Hitzer, Quaternion Fourier transform on quaternion fields and
generalizations, Adv. Appl. Clifford Algebr., 17 (3) (2007), 497-517.

[6] M. Bahri, E. Hitzer, A. Hayashi, and R. Ashino, An uncertainty principle for
quaternion Fourier transform, Comput. Math. Appl, 56 (9) (2008), 2411-
2417.

[71 M. Bahri and Surahman, Discrete quaternion Fourier transform and
Properties, Int. Journal of Math. Analysis, 7 (25) (2013), 1207-1215.

[8] M. Bahri and R. Ashino, Correlation theorems for type II quaternion Fourier
transform, Proceedings of the 2013 intemational conference on wavelet
analysis and pattern recognition, Tianjin, 14-17 July , pp. 136-141, 2013.




Convolution and correlation for Fourier transform 2109

(9]

[10]

[11]

[12]

M. Bahri, R. Ashino, and R. Vaillancourt, Two-dimensional quaternion
Fourier transform of type II and quaternion wavelet transform, Proceedings of
the 2012 international conference on wavelet analysis and pattern
recognition, Xian, 15-17 July, pp. 359-364, 2012.

S. C. Pei, J. J. Ding, and J. H. Chang, Efficient implementation for
quaternion Fourier transform, convolution, and correlation by 2-D complex
FFT, IEEE Trans. Signal Process., 49 (11) (2001), 2783-2797.

C. Zhu, Y. Shen, and Q. Wang, New fast algorithm for hypercomplex
decomposition and cross-correlation, Jounal of Systems Engineering and
Electronics, 21(3) (2010), 514-519.

C. E. Moxey, S. J. Sangwine, and T. A. Ell, Hypercomplex correlation
techniques for vector image, IEEE Trans. Image Processing. 51(7) (2003),
1941-1953.

Received: June 20, 2013




C-59

ORIGINALITY REPORT

324 23x  30x 4«

SIMILARITY INDEX INTERNET SOURCES PUBLICATIONS STUDENT PAPERS

PRIMARY SOURCES

.

export.arxiv.org

Internet Source

s

o

WWW.jims-a.org

Internet Source

3%

e

WWW.CS.0tago.ac.nz

Internet Source

3%

-~

Bahri, Mawardi, and Ryuichi Ashino.
"Correlation theorems for type Il quaternion
Fourier transform", 2013 International
Conference on Wavelet Analysis and Pattern
Recognition, 2013.

Publication

2%

Dawit Assefa, Lalu Mansinha, Kristy F. Tiampo,
Henning Rasmussen, Kenzu Abdella. "Local
quaternion Fourier transform and color image
texture analysis", Signal Processing, 2010

Publication

2%

Guo, L.Q.. "Quaternion Fourier-Mellin
moments for color images", Pattern
Recognition, 201102

Publication

2%



=

arxiv.org

Internet Source

2%

Mawardi Bahri, Ryuichi Ashino, Rémi
Vaillancourt. "Continuous quaternion fourier
and wavelet transforms", International Journal
of Wavelets, Multiresolution and Information
Processing, 2014

Publication

2%

docplayer.net

Internet Source

2%

—
)

jims-a.org

Internet Source

2%

Narciso Gomes, Stefan Hartmann, Uwe
Kahler. "Compressed Sensing for
Quaternionic Signals", Complex Analysis and
Operator Theory, 2016

Publication

T

repository.essex.ac.uk

Internet Source

T

link.springer.com

Internet Source

T

Yingxiong Fu, Uwe Kahler, Paula Cerejeiras.
"The Balian-Low Theorem for the Windowed
Quaternionic Fourier Transform", Advances in
Applied Clifford Algebras, 2012

Publication

T




Mawardi Bahri, Ryuichi Ashino, Rémi 1
. . : : %
Vaillancourt. "Two-dimensional quaternion
wavelet transform", Applied Mathematics and
Computation, 2011

Publication

"Quaternion and Clifford Fourier Transforms 1 o
and Wavelets", Springer Science and Business ’
Media LLC, 2013

Publication

Mawardi Bahri, Ryuichi Ashino. "Logarithmic 1 o
uncertainty principle, convolution theorem
related to continuous fractional wavelet
transform and its properties on a generalized
Sobolev space", International Journal of
Wavelets, Multiresolution and Information
Processing, 2017

Publication

Assefa, D.. "The trinion Fourier transform of 1 o
color images", Signal Processing, 201108 ’

Publication

Chen, Li-Ping, Kit lan Kou, and Ming-Sheng 1 o
Liu. "Pitt's inequality and the uncertainty ’
principle associated with the quaternion
Fourier transform", Journal of Mathematical
Analysis and Applications, 2015.

Publication




Guanlei, X.. "Fractional quaternion Fourier 1

: o %
transform, convolution and correlation”,
Signal Processing, 200810

Publication

Mawardi Bahri, Ryuichi Ashino. "Logarithmic 1 y
uncertainty principle for quaternion linear ’
canonical transform", 2016 International

Conference on Wavelet Analysis and Pattern
Recognition (ICWAPR), 2016

Publication

WWW.coursehero.com '] y
0

Internet Source

Exclude quotes On Exclude matches <1%

Exclude bibliography On



